We study a subclass of alternating links for which the the complete hyperbolic metric can be realised directly by pairwise identification of faces of two ideal hyperbolic polyhedra. Our main result is a characterization of these links: essentially, the corresponding polyhedra are exactly the Archimedean solids with trivalent vertices. Furthermore, we show that the only knots which arise are the two dodecahedral knots, and the figure eight knot.
Introduction
The work of Thurston [1] and his conjectures concerning geometrization have raised many questions concerning the interplay of combinatorial structure and complete metrics of constant curvature on a 3-manifold. We study the class of balanced alternating links (see [2] ) -those simple alternating links admitting an alternating diagram with exactly one bigon at each crossing. Existence of a hyperbolic metric on their complements is known abstractly (Menasco [3] ), but a natural explicit combinatorial structure determined by the link diagram also exists: the complements are the union of two abstract ideal polyhedra, with specific face identifications.
We study those links for which the abstract polyhedra can be realised directly as ideal hyperbolic polyhedra defining the complete hyperbolic metric. We call these links completely realisable. Our main result is a characterization of completely realisable balanced links: essentially, the corresponding polyhedra are exactly the Archimedean solids with trivalent vertices. Accordingly, we refer to members of this class of links as Archimedean links. Furthermore, we show that the only 833 Archimedean knots are the two dodecahedral knots of [4] , and the figure 8 knot. This has relevance to a number of issues:
1. Polyhedral realisability of hyperbolic metrics: For the examples we describe, the hyperbolic structure can be seen directly. Decompositions of link complements in the 3-sphere into two (abstract) polyhedra are described in Thurston [1] , and further studied in [5] [6] [7] [8] and [2] . Programs such as Weeks' 'SnapPea' further decompose polyhedra into simplices, and then solve shape equations to produce a complete metric. The combinatorial structure may require modification so that solutions to the equations can be found: intrinsic combinatorial data may be lost. Casson has recently developed a new algorithm for producing a complete structures. Although these procedures are effective in practice, the authors are not aware of a statement in the literature delineating the nature of input data for which the algorithms fail to converge -the connection between the combinatorics and hyperbolic structure is not yet explicit. Moreover, the examples of [2, 4] admit polyhedral metrics which are CAT(O), and it is of importance to understand explicit deformations of such metrics to complete hyperbolic ones.
Also of relevance is Sakuma and Weeks' [9] analysis of ideal triangulations of 2-bridge knot complements. Their work suggests that edges of the polyhedral decomposition of alternating knot complements always survive as edges of the canonical decomposition in hyperbolic geometry arising from Ford domains (see Epstein and Penner [10] ). They also suggest that tunnel arcs have deeper geometric significance in hyperbolic geometry, and are also intimately related to both the canonical combinatorial structure of an alternating link diagram and the canonical decomposition. Sakuma has commented that the Archimedean links provide further corroboration for their conjectures.
The methods of this paper raise many questions, of independent interest, concerning the realisability of abstract polyhedra in hyperbolic space satisfying certain geometric properties. Necessary and sufficient conditions are known for a combinatorial polyhedron to be realised as an ideal polyhedron ( [11] ). We consider the question of realisability of a given abstract polyhedron as an ideal hyperbolic polyhedron, so that some or all faces are regular ideal hyperbolic polygons. Any ideal hyperbolic polyhedron can be viewed, via the Klein model, as a Euclidean polyhedron inscribed in a sphere, up to certain affine transformations. It is then natural to ask if a given ideal hyperbolic polyhedron, with some or all faces regular, can be seen in a Klein model so that all regular faces appear as regular Euclidean polygons simultaneously for all faces.
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2. Combinatorics, surf aces, automatic structure: Waldhausen and Thurston conjecture that every closed irreducible 3-manifold with infinite fundamental group contains 7Ti-injective closed immersed surfaces. Balanced links admit combinatorial metrics of non-positive curvature, with combinatorially defined 7Ti-injective closed immersed surfaces (see [2] ). These surfaces remain 7Ti-injective after essentially all Dehn fillings. It is generally very difficult to establish the existence of TTi-injective surfaces in a hyperbolic 3-manifold using only the hyperbolic metric, even given a totally geodesic triangulation. The examples above can be understood because they admit combinatorial cubings of a special kind: such decompositions are rare, as recently shown by Tao Li.
Both of the dodecahedral knots fall within the class of examples studied here; these and the figure 8 knot are the only knots whose complements are known to contain an immersed hyperbolic totally geodesic surface. The figure 8 and dodecahedral knots have universal cover tessellated by regular ideal polyhedra, and the existence of totally geodesic surfaces can be demonstrated fairly easily by symmetry arguments. Arithmetic arguments [16] demonstrate infinitely many incommensurability classes in the figure 8 knot case.
The emergence here of highly symmetric Archimedean solids suggests that Archimedean links might provide additional knot and link complements in S 3 containing a closed hyperbolic totally geodesic surface. Menasco and Reid [17] have shown that no alternating knot or link complement contains an embedded hyperbolic totally geodesic surface. We show that the only possible Archimedean knots are exactly the figure 8 and dodecahedral knots, raising the question: are these the only knots with this property? Proofs involving arithmeticity are not available for Archimedean links.
The symmetry of Archimedean links suggest they should be a fruitful source of examples for examining additional structure: The explicit description of an automatic or biautomatic structure on the fundamental group of the 3-manifold is facilitated by a combinatorial structure which defines both a presentation for the group, and planar lifts of naturally defined 7Ti-injective surface, as described in [12 -15] .
Arithmeticity and the conjectures of Neumann -Reid:
The existence of a totally geodesic closed surface in the figure 8 complement was first demonstrated using the arithmetic structure of the complement (see Reid [16] ). Reid [18] also demonstrated that the figure 8 knot is the only knot whose complement admits an arithmetic structure, although many link complements are arithmetic. Hatcher [19] describes some arithmetic links, most of which are Archimedean. Neumann and Reid [20] have conjectured that the figure 8 and dodecahedral knot complements are the only knot complements with cusp field Q(\/-"3). This conjecture is intimately related to the manifestation of symmetry in hyperbolic geometry; that these examples exhaust the class of Archimedean knots lends supports it. This is problem 3.64 on the recently revised 'Kirby Problem List'.
Combinatorics and recent invariants:
For alternating links, information about the coefficients of the Jones polynomial correlates well with the combinatorics of planar diagrams [21, 22] . Moreover, the invariants of Turaev -Viro and Kaufmann -Lins are calculated combinatorial!/: hence a canonical combinatorial description related directly to hyperbolic geometry offers scope for further insight. Kashaev [30] has shown intriguing relationships between limits of coloured Jones polynomials and hyperbolic volume for link complements, giving rise to the Volume Conjecture. The examples discussed here provide many examples where combinatorially related alternating link complements share the same hyperbolic volume.
In Section 1 we give a topological description of a prime link complement as the identification space formed from an abstract polyhedron and its combinatorial mirror image. The realisation of these polyhedra as ideal polyhedra in H 3 is discussed in Section 2. In Section 3 we give a classification of those balanced links for which the complete hyperbolic structure can be obtained by realising the associated abstract polyhedron and then identifying faces in the way described in Section 1. A sufficient condition is given for two hyperbolic polyhedra to determine a complete structure on an alternating link complement is given in Section 5. We show in Section 6 that the only knots arising in the balanced case are the figure 8 and the dodecahedral knots. Finally we give some further examples of completely realisable knots and links in Section 7. The appendix provides pictures and data of various relevant polyhedra.
The first author learned some of the combinatorics of alternating link complements from lectures of Menasco at Berkeley in 1980, cf. [5] ; this inspired the definition of balanced links first explicitly given in Aitchison-Lumsden-Rubinstein [2] . A sketch of the proof that complete realisability implied that P ± are isometric and regular faced was given by the first author to the second as the basis of a Master of Science project (incorporated into his PhD thesis [15] ): Archimedean characterization is due to the second author, and non-existence of new knots represents joint work.
Polyhedral Decomposition of Prime Link Complements
We recall the topological construction of the complement of a given alternating prime link £ as the identification space formed from two polyhedra with deleted vertices. In this we shall follow the description given in [1, 2] . The procedure is given, but we merely state without proof that what we construct is homeomorphic to the link complement. Let P be an alternating projection of the link £, and G C I 2 C S 2 C S 3 be the underlying planar graph (see Figure 1 ). The 2-sphere containing G divides S 3 into two 3-balls, an "upper" and "lower" hemisphere, each of which will be regarded as an abstract polyhedron with 1-skeleton given by G. Denote these "upper" and "lower" polyhedra by P + and P~ respectively, and notice that each is the (combinatorial) mirror image of the other. These polyhedra are 4-valent, where in general we call a polyhedron nvalent if all the vertices are of degree n. If we simply glue together P + and P~ along corresponding faces by the identity we obtain 5 3 . The link complement will be obtained by identifying P + and P~ along corresponding faces but with a rotation, and then deleting the 0-skeleton. The faces complementary to the graph G can be 2-coloured in a unique way, where we choose the convention that around any vertex the colouring is as shown in Figure 2 . For each face F of P + there is a sign, e{F) -±1 and a degree, \F\. Form a complex K by identifying a face F of P + to the corresponding face of P~ via a rotation of 6(F)2TT/\F\, as viewed from the interior of P + (anticlockwise being positive). This is depicted in Figure 3 . 3 The complex K has a vertex for each component of the link. It can be shown that removing the 0-skeleton, K^, of K produces a manifold homeomorphic to 5 3 -£ (see for example [2, p. 476] ). Theorem 2.1. K -K^ is homeomorphic to S 3 -£.
• Remark 2.1. Clearly, it suffices to describe only P + . Later we will be considering certain geometric realisations of these abstract polyhedra, and it will be shown that, additionally, the realisations are mirror images in a geometric sense. Given any 2-coloured polyhedron P, taking P + to be P and P~ to be the mirror image of P, the above gluing maps can be defined. We denote by K(P) the resulting complex. It will on occasion be convenient to refer to K as K{P + ).
In summary, given an alternating link projection there is a canonically associated 4-valent polyhedron and a 2-colouring of the faces. The link complement can be constructed from the polyhedron and its mirror image in the above way. Conversely, given such a 2-coloured polyhedron there is an associated link. Notice that there are only two possible 2-colourings of a 4-valent polyhedron, and these are related by the interchange of the "-f" and "-" colours. These two choices produce links which are mirror images of one another (that is, over crossings and under crossings are interchanged).
Collapsing bigons
Clearly the presence of bigons (that is, degree 2 faces) would thwart any attempts at geometric realisation. Given a bigon face we may think of collapsing it to a single edge as indicated in Figure 4 . Consider now the 4-valent polyhedron P + obtained above. After collapse, the two degree four vertices of a bigon become vertices of degree three. By considering the gluing maps, it can be seen that the two edges of the bigon are necessarily in different equivalence classes (that is, do not project to the same edge in K). The identifications around a bigon are shown in Figure 5 . There are exactly four edges in each equivalence class and it is not possible that the two edges of a bigon are identified. It follows that the bigon face projects to an embedded disc in K. Collapsing the bigon corresponds to shrinking this disc to a single edge. Thus if we identify the new polyhedra using the same gluing maps on the surviving faces, the result is homeomorphic to K.
In general it is not possible to continue collapsing bigons in this way, as it might occur that the two edges of a subsequently chosen bigon are in the same equivalence class. However, this can only happen if some vertex on the original polyhedron is the vertex of more than one bigon. That is, Lemma 2.1. Suppose that P is a 2-coloured, 4-valent polyhedron with the property that every vertex of P is the vertex of at most one bigon. Let Q be the 2-coloured polyhedron obtained by collapsing all bigons of P. Then K(Q) and K{P) are homeomorphic.
• We shall be concentrating on links for which the 4-valent polyhedron, P + , in the above construction satisfies the hypothesis of the lemma, and moreover is such that the polyhedron Q is 3-valent. The following definition was introduced in [2] . shall always assume that the projection we are considering is balanced. Suppose that £ is a balanced link, then Q + the polyhedron obtained from P + by collapsing all bigons is 3-valent. From Lemma 2.1 we know that the manifold obtained from K(Q+) by deleting the 0-cells is homeomorphic to S 3 -£.
Given a balanced link, there is a derived 2-coloured, 3-valent polyhedron, and the complement of the link can be constructed as above. Notice that the edges of the polyhedron fall into two groups: those new edges arising from collapsed bigons (bigon edges) and edges unaltered from the original 4-valent polyhedron (non-bigon edges). Conversely, for a given 3-valent polyhedron there can be many allowable 2-colourings which arise in this way. The only constraint is that each vertex is the vertex of at least one "+" face and at least one "-" face. We also give the definition for the more general polyhedra which we shall be considering later.
Definition 2.2.
Suppose that P is a polyhedron with all vertices of degree either three or four. A 2-colouring of P is an assignment of the symbols '+' and '-' to the faces so that no degree 3 vertex has all incident faces having the same symbol; and for a degree 4 vertex the symbols on the incident faces alternate. These are precisely the colourings which correspond to links. For a particular colouring the corresponding link can be recaptured by uncollapsing those edges which separate faces of the same colour (which are precisely the bigon edges). It is clear that two 2-colourings of a polyhedron related by a symmetry of the polyhedron correspond to the same link. When speaking of a 2-colouring of a polyhedron, we shall always mean an equivalence class of colourings under the symmetries of the polyhedron. The tetrahedron admits only one 2-colouring, which corresponds to the figure 8 knot, and the dodecahedron admits two such colourings, giving the two dodecahedral knots. In Figure 6 we illustrate an example of obtaining the polyhedron.
Suppose that the polyhedra P + and P~ are realised as ideal hyperbolic polyhedra |P + | and \P~\ respectively. The above procedure can then be used to obtain a hyperbolic structure on the link complement, which we denote H(|P + |, |P _ |). We now discuss such realisations. 
Realisation of Abstract Polyhedra
The outlined process of obtaining a hyperbolic structure on a hyperbolic link complement involves the realisation of a given abstract polyhedron as an ideal polyhedron in H 3 . It is not, however, always possible to realise an arbitrary abstract polyhedron in this way. That is, it is not always possible to find a set of ideal points such that the convex hull has the given combinatorial type. By considering the Klein model we see that this is equivalent to finding a Euclidean polyhedron of the given type for which all the vertices lie on some sphere. A necessary condition is that the 1-skeleton defining the polyhedron, considered as an abstract graph, is 3-connected. This means that the graph cannot be disconnected by deleting 2 vertices, and is equivalent to the condition that the link projection is prime. In [11] Hodgson, Rivin and Smith give a complete characterisation of abstract polyhedra for which such a realisation is possible. As we shall be implicitly assuming realisability, we shall not give their result, but an example of a non-realisable polyhedron is given in Figure 7 . In fact, we shall require a particular kind of realisation and the hierarchy of realisability questions is discussed at the end of this section. Definition 3.3. A link diagram is called realisable if, after collapsing bigons, the underlying abstract polyhedron can be realised as an ideal convex polyhedron in H 3 .
Example 3.1. The knot projection shown in Figure 7 is not realisable, that is, it can be shown, [11] , that the corresponding polyhedron cannot be realised as an ideal hyperbolic polyhedron. The underlying polyhedron can, of course be realised as a Euclidean polyhedron, but not in such a way that the vertices lie on a sphere.
In the next section we shall be considering realisations of the polyhedra P + and P~ which are isometric. The gluing maps then identify an ideal polygon to itself via some rotation. Definition 3.4. Let F be a convex, planar, ideal n-gon in H 3 . We shall say that F is regular if F is setwise invariant under some rotation of order n. The rotation and its axis will be referred to as rp and vp respectively, and up will sometimes be A Euclidean regular faced polyhedron which is inscribable can be regarded as an ideal hyperbolic polyhedron by considering it inscribed in the unit sphere (considered as the set of ideal points) in the Klein model. This hyperbolic polyhedron will be such that all faces are regular, and moreover, each of the axes of rotation will contain the origin. Conversely, if an ideal hyperbolic polyhedron has regular faces and all the axes of rotation intersect at some point we can, by moving the point of intersection to the origin, obtain a regular faced Euclidean polyhedron of the same combinatorial type. Definition 3.6. A regular faced realisable polyhedron is called simultaneously regular faced realisable if there is a realisation in which all the face normals intersect at some point. Proof. By the preceding comment, we need only consider 3-valent regular faced Euclidean polyhedra. A classification of all regular faced Euclidean polyhedra is given by Zalgaller in [23] , from which it can be seen that the only 3-valent regular faced Euclidean polyhedra are the prisms and the 3-valent Archimedean polyhedra. There are only ten 3-valent Archimedean polyhedra and a set of figures showing them is given in the appendix. These polyhedra are inscribable (Coxeter [24, p. 44] ), since their symmetry groups can be realised as finite subgroups of S0(3).
•
Discussion
Given an abstract 3-valent polyhedron one can ask whether it satisfies the above realisability conditions. [25] has shown that for a fixed realizable combinatorial type, there is a unique convex ideal polyhedron of maximal volume, which is maximally symmetric.
4. It follows from the proposition that Example 3.2 provides an example of an abstract polyhedron which is regular faced realisable but not simultaneously regular faced realisable.
Some technical lemmas
We note here some results concerning regular ideal hyperbolic polygons which will be of use in the next section. Definition 3.7. Let p, g,r, s G C. The cross ratio of p, g, r and s is given by
F is regular if and only if for any four consecutive vertices VQ, I>I, V2 and vs of F, the cross ratio of these points is given by R(vo, ^1,^2,^3) = 1 + l/(2cos(27r/n) + l). Proof. Notice that any n-gon satisfying the given cross ratio condition is congruent to F. Calculation shows that i?(l, e i27r / n , e * 47r / n ,e* 67r / n ) = 1 + l/(2cos(27r/n) + 1), and it follows that the n-gon with vertices e* 2m7r / n , m = 0,..., n -1 satisfies the cross ratio condition. Since this n-gon is clearly invariant under a rotation of 27r/n about a vertical axis, it follows that F is regular.
Conversely, assume that F is regular and (by a suitable isometry) that VQ, VI, V2 are equal to 1, e z27r / n , e l4n / n respectively. There is a rotation r^ which leaves F fixed, and we may assume (by taking the inverse if necessary) that r^ is the rotation by 27r/n anticlockwise about the vertical axis. It follows that i>3 = e l67r / n , and hence R(vQ,vi,V2 y vs) is as required.
• D The "view from infinity" is shown in Figure 9 , where we have rescaled so that the projection of F has length cos(7r/n). This rescaling corresponds to applying an isometry of M 3 . If E is a regular m-gon and F is a regular n-gon which meet along a common edge, we may speak of the dihedral angle between them. Since the edges are infinite there is a 1-parameter family of such arrangements given by translation of one polygon relative to the other along their intersection. At some particular value of this parameter the normals vp and vp will be coplanar. In this situation, we may assume that the view from infinity is as shown in Figure 10 , with the common edge appearing as the centre of a circle of radius 1/2. Lemma 3.4. Suppose that E is a regular m-gon and F is a regular n-gon which meet along a common edge, and suppose further that vp and vp are coplanar. where £ is the distance in C indicated in Figure 10 .
Proof. Condition (3.1) is clear from Figure 10 and the fact that vp and vp intersect if and only if the projections in C intersect. For a fixed m and n, the distance £ is a monotonic function of the dihedral angle 5. Calculation shows that if 6 = \-Kjm -ir/n\ then, £ = sin(|7r/ra -7r/n|), and if 5 -ir/m + n/n then £ = sin(7r/ra + TT/U). Condition (3.2) then follows. •
In the situation described in the above lemma, suppose that G is regular p-gon which meets both E and F and is such that all three polygons share an ideal vertex. If VQ and vp are coplanar, then VQ and vp are necessarily also coplanar. It follows that for any two of the normals, the four endpoints lie on a circle. Then we can, by applying an isometry of M 3 if necessary, assume that each of the three circles has radius 1/2. The view from infinity in this situation is depicted in Figure 11 . Notice that the arrangement is entirely determined by the degrees of the three faces. A triangle formed by three faces in this arrangement will be referred to as a vertex triangle. The endpoints of vp are precisely the points of intersection of the two circles whose centres are the endpoints of the edge corresponding to F (similarly for VE and VQ)> Denote by e\ and C2 the endpoints of vp. Having fixed the position of F, and hence the positions of two of the circles, there are three possibilities for the position of the third circle:
(A) the interior of the circle contains neither e\ nor e^\ (B) the interior of the circle contains exactly one of e± or e2; or (C) both points e± and e2 are in the interior of the third circle.
Examples of each of these possibilities are illustrated in Figure 12 .
From the position of the three circles it is possible to determine which pairs of face normals intersect. In the first and third cases, no pair of normals intersect, whilst in the In the first, each of the three dihedral angles is too large (see Lemma 3.4) . In the third case the dihedral angle between E and G is too large, and the other two angles are too small. The arrangement is determined by the degrees of the faces, and these are indicated as (n,ra,p). Applying (3.2) in case (B) we have sin(7r/n -ir/p) < cos(7r/ra), from which it follows that ix jn -ir/p < TT/2 -7r/ra, and thus 1/m + 1/n -1/p < 1/2.
In case (C) since J mn is too small, from (3.2) we have cos(ir/p) < sin(7r/n-7r/ra). It follows that 7r/2 -rr/p < n/n -7r/m, and hence
Since the shape of the vertex triangle is completely determined, the cusp fields of the link complements can be calculated in a straightforward way. See [20] , and the next section.
Now let P be a 3-valent polyhedron in M 3 all of whose faces are regular, and assume that P is such that any pair of adjacent normals are coplanar. Given two adjacent faces, E and F, their degrees and the dihedral angle between them completely determine the vertex triangle and hence the degree of the third face at that vertex. It follows from this that every vertex triangle is congruent to either this triangle or its mirror image. In particular, notice that the two faces which meet both E and F, must be of the same degree (this is depicted in Figure 13 ), and hence there are essentially at most three different types of faces. Lemma 3.6. Suppose that P is a 3-valent ideal hyperbolic polyhedron all of whose faces are regular, and is such that any pair of adjacent faces have coplanar normals. Then all the face normals of P intersect at a point.
Remark 3.3.
For the condition on the coplanarity of the normals it is sufficient to have a vertex at which two (of the three) pairs of faces normals are coplanar.
Proof.[Proof of Lemma 3.6] As noted above, in this situation all vertices have the same type (that is, they are all covered by the same case of Lemma 3.5). If all vertices are of type (B), the conclusion of the lemma follows. We show that this is the only possibility.
For a 3-valent polyhedron from Euler's formula we have vertices are of type (C), then
This contradicts (3.3), and so the proof is complete.
Cusp Structure
In this section P will be a 3-valent realisable abstract polyhedron. We shall also use the notation P + and P~ as before to refer to P and its mirror image respectively. Let v be a vertex of P at which the faces E, F and G meet, as shown in Figure 14 . Definition 4.8. The link of v, denoted lk(v), is the triangle with edges and vertices as shown in Figure 14 . Now fix a 2-colouring of P. Let £ be the corresponding link in 5 3 , and define K(P) as in Section 2. (The two different uses of the word 'link' is somewhat unfortunate here. However these are the accepted terms, and in each case the meaning is clear from the context.) Definition 4.9. Let v be a 0-cell of K(P). The link of v is the disjoint union of triangles {lk(v) : v is a vertex of P which projects to v} modulo the natural identifications. The 0-cells of K(P) are in 1-1 correspondence with the components of the link £, and the link of a 0-cell v € K(P) is a torus for which we describe now the combinatorial structure. With the labels of faces and edges as defined in Figure 15 , assume that c + is a non-bigon edge. Let v be the image of v in K(P). Then lk(u + ) and lk(v~) are identified in lk(v) as shown in Figure 16 . Now let |P + | and |P~| be ideal hyperbolic polyhedra with combinatorial type given by P + and P~ respectively. If u + is a vertex of |P + |, the intersection of |P + | with a (sufficiently small) horosphere centred at u + will be a triangle. This triangle can be regarded as a geometric realisation of the link of the corresponding vertex in P + . Label the edges of |P + | and \P~\ in the same way as for P + and P~, and for an edge e let 5(e) denote the dihedral angle along e. Proof. The statement is true for non-bigon edges by Proposition 4.2. At any vertex there are precisely two non-bigon edges, and these determine the dihedral angle along the third (bigon) edge.
• Theorem 4.2. The polyhedra |P + | and \P~\ are isometric.
Proof. It is a result of Rivin [25, Theorem 4 .1] that an ideal hyperbolic polyhedron which is star-shaped with respect to one of its vertices is uniquely determined by its dihedral angles. The class of convex ideal hyperbolic polyhedra is contained in the class of star-shaped ideal hyperbolic polyhedra. The result then follows from Corollary 4.1.
• As a result of this theorem, the gluing isometries must be rotations identifying a face with (an isometric copy) of itself. That is, |P + | is regular faced. In fact adjacent face normals must be coplanar. Proposition 4.3. Let E and F be two faces of |P + | which are adjacent along a non-bigon edge. Then the normals VE and vp are coplanar. Proof. We continue with the notation used above, but without the superscripts as we refer only to |P + |. Assume, by applying an isometry if necessary, that v& coincides with the vertical axis, and the vertices of E lie on the circle about the origin in C of radius 1/2. Moreover, assume that the projection of the edge c in C is orthogonal to the real axis. Corresponding to each of the faces will be a circle in C on which the vertices of the face lie (that is, the boundary of the plane containing the face). The situation is shown in Figure 17 . We shall establish that the two off-axis circles are symmetrically placed. Firstly, notice that CQ must pass through the end points of the edge a. Therefore, the centre of CQ must have argument -7r/(degE). Similarly, the centre of CH has argument n/(degE). Given this, the position of Co is then determined by the distance of its centre from the origin, which in turn is given by the angle a. The line segment given by the projection of a subtends some angle at the circumference of each of CE and CQ-It is a standard fact of hyperbolic geometry that the sum of these two angles is equal to the dihedral angle between E and F. It follows that a -n -5(a). Similarly the position of CH is given by the dihedral angle between E and H. From Proposition 4.2 and Corollary 4.1 these dihedral angles are equal and so the centres of CG and CH are symmetrically placed.
The two vertices of F adjacent to u and v are given by the intersection of CF with CQ and CH respectively, and are therefore also located symmetrically when viewed • Each of the polyhedra of the theorem are invariant under reflection, so |P + | and |P~| are congruent.
A Sufficient Condition for Completeness
We consider now a hyperbolic polyhedron, and ask when the induced structure on a corresponding link complement is complete. More precisely, suppose that \P\ is an ideal hyperbolic polyhedron with regular faces, and all vertices of degree three or four. Denote by \P~~\ the (geometric) mirror image of |P|. If it is possible to 2-colour the faces of |P|, then there is some corresponding link, which we will denote by £(P), and a hyperbolic structure H(\V\, \V~\) on 5 3 -£(P). As Example 3.2 and Theorem 4.3 show, the induced structure need not be complete. Of course, not all polyhedra with degree three and four vertices are 2-colourable: The polyhedron formed from two tetrahedra by identification along a face is an example of such a polyhedron which cannot be 2-coloured.
The following theorem describes further conditions on \P\ which are sufficient to ensure completeness. Theorem 5.4. Suppose that \P\ is a 2-coloured ideal hyperbolic polyhedron with regular faces, and all vertices of degree three or four. If all pairs of adjacent faces have coplanar normals, then the induced hyperbolic structure on S 3 -£>(P) is complete. Proof. We show that for any cusp the similarity structure on E defined by the face identifications for \P\ consists of isometries. Fix a component of &(P) and follow the identifications around this component in the link diagram. The strip of triangles and quadrilaterals obtained after a full circuit of the component will be a fundamental domain for the structure on the cusp. From the coplanarity of adjacent normals it follows that every vertex link (being a triangle or quadrilateral) is such that, up to similarity, the length of an edge is cos(7r/n) where n is the degree of the corresponding face of \P\ (see Figure 10 and the discussion preceding it). Therefore, all the edges in the fundamental domain are (simultaneously) given by this formula. It follows that each similarity identifies a triangle or quadrilateral to itself, and is therefore an isometry.
• Corollary 5.3. Suppose that \P\ is a 2-coloured ideal hyperbolic polyhedron as above which is simultaneously regular faced. Then the induced hyperbolic structure S 3 -£(P) is complete.
• Remark 5.4. Allowing quadrilaterals in cusp tori creates the difficulty in establishing a converse to this: quadrilaterals, unlike triangles, do not have angles determined by their edge lengths. Remark 5.5. Suppose P is a polyhedron which has vertices of degrees three and four, and admits more than one 2-colouring. If there is a geometric realisation which is simultaneously regular faced, each 2-colouring produces a link obtained from the same polyhedra, and thus with the same hyperbolic volume. Volumes can be computed using Weeks' "Snappea" program.
Conversely, if a link diagram can be recoloured to produce a different link with different volume, the underlying polyhedron cannot admit a simultaneous regular faced realisation in hyperbolic space.
Archimedean Links
We now discuss the implications of the preceding corollary. In particular, we will show that the only balanced knots arising are the figure 8 and the dodecahedral knots. We will refer to colours as "white"/"black", or «+»/«_».
As discussed earlier, any abstract 3-valent polyhedron P with geometric realisation to which the corollary applies necessarily has the combinatorial type of a prism or a 3-valent Archimedean solid. Prisms can easily be shown never to give rise to 1-component links: the case of a cube is discussed in [4] , where it is shown all 2-colourings produce links. Proposition 6.4. No 2-colouring of a prism produces a knot.
Proof. For non-cubical prisms, there are two distinguished non-adjacent faces, called the ends, coloured differently or the same. We will call the other faces the sides of the prism. If the ends have the same colour, white say, then no adjacent sides can both be white. Any white side then gives rise to a component of the link, which cannot be the whole link. If no white side occurs, then every black side contributes 1 component.
When the ends have different colours, adjacent sides cannot have the same colour (forcing an even number of faces). In this case, each end contributes a component. D Now consider a 3-valent Archimedean solid P. We must show that no 2-colouring of an Archimedean polyhedron yields a single component. There is a canonical realisation of P as a simultaneously regular faced ideal hyperbolic polyhedron \P\. This is obtained by thinking of the Euclidean regular faced realisation of P as being an ideal polyhedron in the Klein model. This is possible since each of these Euclidean polyhedra are inscribable in a sphere. It follows from Corollary 5.3 that if we choose any colouring on P then the induced hyperbolic structure on the resulting link is complete. We will call any link in S 3 arising in this way an Archimedean link.
By considering the 2-colourings of the 3-valent Archimedean polyhedra we thus obtain a collection of links which are completely realisable. The 2-colourings of the tetrahedron, cube and triangular prism produce one, three and three distinct links respectively, and each is arithmetic [19] . Colourings of the dodecahedron produce the two dodecahedral knots, [4] , which are known to have the same cusp field as the figure 8 knot, and also contain totally geodesic immersed closed hyperbolic surfaces. For the remaining 3-valent Archimedean polyhedra, the number of 2-colourings increases rapidly: a computer calculation shows that the truncated octahedron admits 17 different 2-colourings, the truncated cube 54, the truncated icosahedron 160, and the truncated cuboctahedron 546. The truncated icosidodecahedron admits millions of different 2-colourings: Consider colouring all decagons white and all hexagons black. Each square can then be coloured either white or black, yielding 2 30 choices. Since the symmetry group of the truncated icosidodecahedron only has order 120, there are at least 2 30 /120 > 8,947,848 distinct 2-colourings. We summarize earlier observations on ideal hyperbolic Archimedean solids.
• The symmetry group of an Archimedean solid acts transitively on vertices.
• dihedral angles on edges are determined by the degrees of the adjacent faces.
• Given any two adjacent faces, the remaining two faces at the ends of the common edge are isometric.
• Each polygonal face with odd degree has all edge dihedral angles equal.
• Each polygonal face with even degree has either edge dihedral angles alternating as we move around the polygon, or all angles equal.
• The dihedral angles at all edges at the vertices of a polygonal face which do not belong to the face are equal.
• The shape of the vertex links are determined by the degrees of the polygonal faces meeting at the vertex, up to a possibly orientation reversing isometry.
• The vertex links at each end of an edge are mirror images. Thus at most two vertex link types occur.
• Rivin has shown in [25] that maximal volume corresponds to maximal symmetry for a realizable combinatorial type.
For an Archimedean link in 5 3 , the structure on any cusp turns out to be particularly simple since all vertices of the polyhedron have the same link. The nature of the cusp structure becomes clear when we reconcile this symmetry with the combinatorial structure of a balanced link cusp. In Figure 18 , we recall the cusp structure identifications described in [2] , where the edge labelled p is a bigon edge. The structure on a cusp consists of a strip of k identical parallelograms identified to form a torus, where k is determined by the number of crossings. Triangles arising from P~ are shaded. The top and bottom edges of each parallelogram are identified, as are the "vertical" edges of the first and last parallelogram. Note that triangles in the cusp torus from either polyhedron P^ are isometric by an orientation preserving isometry of the plane.
Lemma 6.7. The cusp structure of any balanced link component corresponds to a tessellation of E 2 by translates of a single basic parallelogram, formed from two copies of the (unique) vertex link of the polyhedron. This is depicted in Figure 18 . The labels on edges serve also to represent dihedral angles. The two faces E and F determine the local structure of two regions of cusps, of components KE and Kp, where possibily KE = Kp. For Archimedean links, it is clear that any component has more than two crossings of the link projection diagram, and so there are at least 4 triangles in each cusp torus. We have labelled angles of the triangles in both the cases where the bigon edge has common "-"-labelled faces, and common "-f "-labelled faces.
The trivalent Archimedean solids fall into three classes, depending on whether the cusp triangles are equilateral, isosceles, or scalene. These in turn correspond to the Platonic solids, their truncations, and finally the truncated cuboctahedron and truncated icosidodecahedron. (See the appendix.)
In the latter case, the cusp of a link component has 2k scalene triangles, for some fc, and can be one of six types: Any horosphere of the universal cover H 3 corresponds to a copy of E 2 tessellated by orientation-preservingly isometric triangles, for which there are two possibilities, together with a superimposed tessellation by a strip of k parallelograms, which can be in any of three possible directions relative to the triangulation. All six possibilities can occur. We refer to these possibilities as the types of the cusps. Note that two horospheres connected by an edge of an ideal polyhedron have distinct combinatorial structure when viewed from infinity: they are Euclidean reflections of each other, and hence must give rise to different cusp types. We can record cusp-type data by considering vertex labels of a fundamental domain for the torus: if we move around the boundary of the domain, in an anticlockwise direction, we can read off three ordered dihedral angles at each vertex. For three distinct dihedral angles labeled a, 6, c, we may relabel the general balanced link cusp type data by setting
A bigon edge of P + can have any of these three labels, can have adjacent faces coloured in either of two ways, and the cyclic order of angles at the vertices at the ends of the edge can be in either of two orders. In Figure 20 we illustrate the four possibilities for a bigon edge of P + labelled c. Note that as we read along the long edge of the torus fundamental domain, travelling around the boundary in an anticlockwise fashion, the three triangle angles appearing at each vertex of the tessellation of the plane always occur in the same order. Thus, for the top left parallelogram of Figure 20 , made up of four triangles, the middle vertex on the bottom of the paralleogram has triangle vertex labels b,c,a as we read from left to right; the middle vertex of the top also has the sequence of labels 6, c, a as read from right to left, consistent with the orientation choice as claimed.
The four orders arising for an edge labelled c as shown are bca, acb^ bac, abc -we will also equivalently refer to such an ordered triple as defining the type of a When we consider only the (clockwise) cyclic order occurring at each vertex, and compare this with the clockwise cyclic order of the vertices of a triangle of P + , we obtain the following lemma: Lemma 6.8. The clockwise order of vertex labels is always opposite to that of triangle vertex labels. A triple xyz corresponds to adjacent black faces at a bigon edge labelled y, and adjacent white faces at a bigon edge labelled z.
We will now exploit this simple observation to show that horospheres corresponding to different vertices of P + in H 3 cannot all be identified by a covering transformation. We will prove: Proposition 6.5. The only knots which occur in the class of completely realisable balanced links are the figure-8 knot and the two dodecahedral knots. Proof. For the Platonic solids -the Archimedean solids with equilateral vertex links -direct calculation [2] shows that only the figure 8 and dodecahedral knots occur.
For isosceles vertex links, with angles a = t, b = t, c = p the six permutation possibilities for types abc reduce to ttp, tpt, pit. For there to be a unique cusp, all bigon edge types must be equal. This requires that either all bigon edges are labelled t, which is impossible for a 2-colouring, or all are labelled p. But this creates an unknotted component of the link for each polygonal face containing an edge with dihedral angle p. See Figure 21 .
Finally, in the scalene case, there must be at least two cusps corresponding to Thus in the non-equilateral triangle case, more than one cusp must occur.
Other Completely Realisable Links
In [19] Hatcher gave examples of arithmetic link complements associated to simple number fields by constructing their polyhedral fundamental domains and identifying their gluings as decompositions of alternating links. Of those he considers, eight of the fifteen are balanced. These are the figure-8 knot, which arises from the unique 2-colouring of the tetrahedron, the two 'cubical' links arising from the two possible 2-colourings of a cube (see [4, Examples 3 and 4, p.21]), the two links arising from the two possible 2-colourings of a triangular prism, and the three links given by the three possible 2-colourings of a truncated tetrahedron. Although the remaining links in Hatcher's list are not balanced, the associated polyhedra are regular faced realisable.
The classification of convex Euclidean regular faced polyhedra as carried out by Zalgaller [23] is given in terms of 'simple' polyhedra; that is, those for which no plane bisects the polyhedron (along edges) into smaller polyhedra. Zalgaller lists the finitely many such Euclidean polyhedra, and since we shall refer to these they are listed in the appendix. The octahedron, for example, is not simple since it may be divided by a plane into two square based pyramids. The 2-colouring of the octahedron corresponds to the Borromean rings. The square based pyramid admits only one 2-colouring and this produces the Whitehead link. For both, one obtains a complete structure on the complement, and both are in Hatcher's list of arithmetic links. The remaining links given by Hatcher are also given by either simple polyhedra, or polyhedra formed by identification of two simple polyhedra (as for the octahedron). Clearly not all simple polyhedra give rise to arithmetic links, since the dodecahedron is simple. However, all of the links presented by Hatcher are completely realisable, and moreover, using Theorem 5.4, we have Corollary 7.4. Let P be such a convex ideal hyperbolic polyhedron built up from simple polyhedra. Suppose that P has only vertices of degree three or four, and that P is 2-colourable. For any 2-colouring of P, the induced hyperbolic structure (on the corresponding link) is complete.
• Question 7.2. Are these the only completely realisable links?
In particular, it follows from this corollary that all links obtained from 2-colouring any (not necessarily trivalent) Archimedean polyhedron, except the icosahedron, are completely realisable. When two simple polyhedra are combined by identification along a face, the edges forming the boundary of the face give an edge circuit in the resulting polyhedron which is such that all the vertices in the circuit have degree four. No matter what colouring is chosen on the polyhedron, this edge circuit will lead to an unknotted component in the corresponding link. Therefore, the corresponding link is not a knot. It follows that in the class of polyhedra covered by Figure 22 : The knot 941 is completely realisable.
Corollary 7.4 the only polyhedra which can yield knots are those which are simple.
Checking the possibilities as above we see that the only such knots are the figure-8 knot, the two dodecahedral knots and the knot 941: Example 7.3. The underlying planar graph is the 1-skeleton of a tridiminished icosahedron, which is realisable as a regular faced Euclidean polyhedron, and admits a unique 2-colouring (see the appendix for an illustration). Note however that this has vertices of both degree three and four. By regarding this as a simultaneously regular faced polyhedron in M in the usual way, from Corollary 5.3 it follows that the induced structure on the complement is complete. This also shows that H 3 can be tessellated by ideal tridiminished icosahedron. Example 7.4. The square antiprism yields the knot 818 and the pentagonal antiprism the knot IO123. Both are completely realisable, since the corresponding polyhedra can be realised as simultaneously regular faced ideal hyperbolic polyhedra (since the corresponding regular faced Euclidean polyhedra are inscribable). In fact, for n not divisible by three, the link corresponding to the n-gonal antiprism is a knot.
The knot projection shown in Figure 23 is regular faced realisable. No face is of degree three.
We do not address here the problems of determining whether or not all of these examples contain totally geodesic surfaces, or how their cusp and trace fields are related. 
